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Exercises that are marked by * are challenge exercises.

Induction
The first two exercises are about the principle of mathematical induction.
Exercise 0.1  Induction.

a) Prove by mathematical induction that for any positive integer n,

12+22+_“+n2_n(n+1)6(2n+1).

« Base Case.
Let n = 1. Then:
1-(1+1)-(2+1)
6

1 = == 1 .
+ Induction Hypothesis.
Assume that the property holds for some positive integer k. That is:
E(k+1)(2k+1)

422+ 324 k7= g .

 Inductive Step.

We must show that the property holds for k+1. Let’s add (k+1)? to both sides of our inductive
hypothesis.

1)(2k + 1
12+22+32+~--+k2+(l<:+1)2:k(leL )6( i )+

(k+ 1)
k(k+1)(2k + 1) 4+ 6(k + 1)*

(k +1)(2k? +61<: + 6k + 6)

(k +1)(2k? —? 7k + 6)

(k + 1)(k46—2)(2k+3)

(k + 1)((k’§— 1) —21)(2(kz +1)+1)

By the principle of mathematical induction, this is true for any positive integer n.



b) (This subtask is from August 2019 exam). Let 7" : N — R be a function that satisfies the following
two conditions:

4-T(5)+3n whenever n is divisible by 2;
T(1) = 4.

Prove by mathematical induction that
T(n) > 6n? — 2n
holds whenever n is a power of 2, i.e.,n = 2k with k € Np.

« Base Case.
Let k = 0,n = 20 = 1. Then:
T(1)=4>6-1>-2-1

+ Induction Hypothesis.
Assume that the property holds for some positive integer m = 2¥. That is:

T(m) > 6m? — 2m

« Inductive Step. We must show that the property holds for 2m = 2~+1,

T(2m)>4-T(m)+3-2-m
> 24m?* — 8m + 6m
= 24m® — 2m
> 24m? — 4m
=6-(2m)* —2-(2m).
By the principle of mathematical induction, this is true for any positive integer n.
Exercise 0.2  Divide and Conquer.
Consider the following problem:

You are given a 2¥ x 2¥ chessboard with one missing square and as many L-shaped puzzle pieces
as you want. Each puzzle-piece can cover exactly three squares of the chessboard. As you will show
algorithmically in this exercise, it is always possible to cover such chessboards by L-shaped puzzle
pieces. An example is given in Figure 1 for k£ = 2, where the missing piece is a corner piece.

a) Devise a divide-and-conquer algorithm that can cover a 2% x 2¥ chessboard with one missing square
at an arbitrary position for k € {1,2,3,... }. Describe your algorithm using words. Make sure to
describe how you divide the problem into subproblems and how you handle the base case(s). Your
description should be concise (e.g., it could have a pseudo-code-like form for readability).

You can assume that each square is represented by its coordinates, specifically, the square in the
lower left corner has coordinates (1,1) and the square in the upper right corner has coordinates
(2, 2F). The input of your algorithm is (k, a, b), where a and b are coordinates of the missing square.

Solution:

Our induction hypothesis is that we have an algorithm A(k) that can cover a 2F x 2F chessboard
with one missing square at an arbitrary position with L-shaped puzzle pieces.



(a) 4 x 4 chessboard (b) covering

Figure 1: Example of a chessboard and its covering by L-shaped puzzle pieces.

The base case k = 1 is trivial. The missing square of the 2 x 2 chessboard is necessarily a corner,
and we simply place the puzzle piece on the 3 non-missing squares.

For the induction step, suppose that k& > 1 and that we have an algorithm A(k) that can solve the
problem for chessboards of size 2 x 2¥. We will design an algorithm A(k + 1) that can do it for
a 2FF1 x 2k+1 chessboard (with one missing square). Divide the 251 x 25*1 chessboard in 4 sub-
chessboards of size 2F x 2¥ (see Figure 2b). First, choose the sub-chessboard containing the missing
square, and use algorithm A(k) to cover it with L-shaped pieces. For the three other sub-chessboard,
choose the square that is closest to the center of the full chessboard as missing square (purple squares
on the picture), and use A(k) to cover them. Finally, put an L-shaped puzzle piece on the 3 central
squares that were used as missing squares. This allows us to cover the whole 281 x 2F+1 chessboard,
and completes the inductive description of our divide-and-conquer algorithm.

(a) 8 x 8 chessboard (b) sub-chessboards

Figure 2: Step of the algorithm

b)* Now suppose that we want to cut out the L-shaped puzzle pieces (given by the algorithm of part
a) with scissors. We are interested in the number of straight cuts needed to cut out the pieces for



a chessboard of size n x n, where n = 2¥, and we call this number T'(n). For example, we need 2
straight cuts for a 2 x 2 chessboard, i.e T'(2) = 2. Note that one straight cut can be as long as we
want (we are not interested in the total length of the cuts). Our goal will be to show the upper bound
T(n) < 4n?-10

= 3 .

1) Find a recursion formula for T'(n), i.e. an upper bound for 7'(n) in terms of T'(n/2).
Solution:

Assume that £ > 1, so that n > 4. We follow our recursive algorithm and start by cutting out
the central L-shaped piece (purple squares on Figure 2b), which requires 6 cuts. We then need
4 extra cuts to split the chessboard in 4 sub-chessboards of size 2 X ’2‘ and then each of these
sub-chessboards needs to be cut out themselves, which requires 47°(%5) cuts. This might not be
the optimal way to cut out the puzzle pieces, but this gives the upper bound T'(n) < 47'(5) + 10.

. . . 4n2-10
2) Using part 1, show by induction that T'(n) < ===,
Solution:
We will show by induction on & that T'(2F) = T'(n) < 4” —10 The base case k = 1 holds since

indeed T(2) =2 < 2 = %3_10 Letk > 1,n = 2F, and assume by induction that we have

T(21 < 4287710 ,ie.T(n/2) < M, Then using part 1 we have

3

T(n) < 4T(n/2) + 10 = 4% +10 = 4@ 110 = 4n2,§0+30 _ 4n23,10’

which concludes the inductive proof that 7'(n) < 4” 10 for all n = 2%,

Asymptotic Notation

When we estimate the number of elementary operations executed by algorithms, it is often useful
to ignore constant factors and instead use the following kind of asymptotic notation, also called O-
Notation. We denote by R the set of all (strictly) positive real numbers and by Rg the set of nonne-
gative real numbers.

Definition 1 (O-Notation). Let ng € N, N := {ng,ng + 1,...} andlet f : N — R*. O(f) is the set
of all functions g : N — R™ such that there exists C' > 0 such that for alln € N, g(n) < Cf(n).

For this exercise sheet we can assume that ng = 10. In general, we say that g < O(f) if Definition
1 applies after restricting the domain to some N = {ng,no + 1,...}. Some sources use the notation
g=0O(f)org € O(f) instead.

Instead of working with this definition directly, it is often easier to use limits in the way provided by
the following theorem.

Theorem 1 (Theorem 1.1 from the script). Let f : N — R" andg: N — R™T.

e If lim L% =0, then f < O(g) and g £ O(f).

n—oo

C € RY, then f < O(g) and g < O(f).

n—oo

g(n
. im £
If lim e

f

\/\_/v\_/

o If lim &% = oo, then f £ O(g) and g < O(f).



The theorem holds all the same if the functions are defined on R™ instead of V. In general, hm L))
f(=@)

is the same as lim o)l if the second limit exists.

T—00

Exercise 0.3  Comparison of functions part 1.
Show that
a) 2n < O(3n) and 3n < O(2n).

Solution: 5 5
lim =2 — £ < R+,
hence by Theorem 1, 2n < O(3n) and 3n < O(2n).
b) n < O(nlogn), but nlogn £ O(n).
Solution: )
lim — ' = lim =0

n—conlogn  n—ooologn
hence by Theorem 1, n < O(nlogn) and nlogn £ O(n).

¢) 10n2 + 100n + 1000 < O(n3), but n3 £ O(10n2 + 100n + 1000).

Solution:

~10n2 4 100n + 1000 . 10 100 1000
lim = lim <7+7+7) 0,
n—oo ’n,3 n—oo n n2 7’L‘3

hence by Theorem 1, 10n? + 100n + 1000 < O(n3) and n® £ O(10n? 4 100n + 1000).

d) 2" < O(3"), but 3" £ O(2").

Solution:
mn 2\ n
lim — = lim (7) =0,

hence by Theorem 1, 2" < O(3") and 3" £ O(2").

The following theorem can be useful to compute some limits.

Theorem 2 (L’'Hopital’s rule). Assume that functions f : Rt — R* and g R* — R™T are differentiable,
lim f(x) = lim g(z) = oo and for allxz € R, ¢'(x) = C € R or lim L) _ o,
T—00 T—r00 T—00

g'(z)
then
lim 7f(ac) = lim f/(a:)
T—00 g(x) T—300 g’(a;) )

Exercise 0.4  Comparison of functions part 2.
Show that

a) nlnn < 0N, but ! £ O(nlnn).

Solution: We apply Theorem 2 to compute the limit of ;3 or for z — oc:

(Inz)" lim o . 1 B
w300 (2001) 5500 0.012—099  sh00 0.012001



Hence by Theorem 1, nlnn < O(n'%), but !9 £ O(nlnn).
b) n < O(e"), bute™ £ O(n).

Solution: We apply Theorem 2 to compute the limit of 5 for z — oc:

/
1

lim —— = lim — =0.

200 (el’)’ z—00 T

Hence by Theorem 1, n < O(e"), but e” £ O(n).
c) n?2 < O(e"), but e® £ O(n?).
Solution: We apply Theorem 2 to compute the limit of i—j for x — oc:

2\/ 2 /
lim E i 2 ohim S —2lim L —o.
T—00 (ex)/ x—o00 er T—00 (ex) r—o00 et

Hence by Theorem 1, n? < O(e"), but e £ O(n?).

d)* n'% < 0(1.017), but 1.01" £ O(n').

Solution: We successively apply Theorem 2 to compute the limit of (1 01) for z — oc:
. (.,L.100)/ ) (IJOO)/ ) 100$99 ) 100]
lim —— = lim ———%— = lim =..-= lim =0.
2300 ((1'01)1)/ 200 (ewlnl.Ol)/ 2300 (lnl.()lexlnml)’ 200 (1111.01)10069”1“1'01
Hence by Theorem 1, n'% < 0(1.017), but 1.01" £ O(n'").
e)* logi¥n < O(2Voe2") but 2VI82" £ O(logi® n).
Solution:
00 100
- logl gy 2ol 2log2(log n) b 9100logy, logy 72 ~ m 2100 log, log, nf\/logj

n—00 94 /logo n n—0o0 9y /logo n n—r00 2 /logo n—00

Notice that

, . logylogy .\
nh_)rr;o (100 log, logo n — +/log, n) = nh_{glo ( — v/ log, n(l — 100\/@» = —00.

Hence

100,
-~ logy™n _ — i 21001og; logy n—y/logzn _

Therefore, by Theorem 1, logi® n < O(2V1°827), but 2182 £ O(logi® n).

f)* 2\/log2n § O(n0.01), but n0.0l g O(2s/log2n)'

Solution:
2Vlogan 9V/logan 9V/logan Jloggn—0.011
lim ———— = lim _— = lim ———— — lim 2V1i°o& n—0.01logy n
n—oo n0-01 n—yoo 2log(n®0) o0 90.01logan 00



Notice that

(\/logz n — 0.01logy n) = nh_)rgo ( — 0.01logy n(l 7'10&71)) = —00.

-~ 0.01 logy n

lim
n—oo

Hence

\/logy
lim 2 — lim 23\ /logon—0.01logyn _ 0.

n—oo n0-01 n— 00

Therefore, by Theorem 1, 9V/logz n < O(n%1 and n%01 £ O(2V log, ).

For the next exercise you may use the following theorem.
Theorem 3. Let f,g,h: N — RT.If f < O(h) and g < O(h), then

1. for any constant ¢ > 0, cf < O(h).

2. f+g<O(h).
Notice that for all real numbers a,b > 1, log, n = log, b - log, n (where log, b is a positive constant).
Hence log, n < O(log, n). So you don’t have to write bases of logarithms in asymptotic notation, that
is, you can just write O(logn).
Exercise 0.5  Simplifying expressions.

Write the following in tight asymptotic notation, simplifying them as much as possible. It is guaranteed
that all functions in this exercise take values in R™ (you don’t have to prove it).

a) 5n° + 40n2 + 100

Solution: By Theorem 1,n? < O(n?). Similarly,n < O(n?). By point 1 of Theorem 3, 5n® < O(n?),
40n% < O(n?), 100 < O(n?). Hence by point 2 of Theorem 3,

5n3 +40n? 4+ 100 < O(n?).
b) 5n+lnn+2n3—|—%

Solution: By Theorem 1, n < O(n?), Inn < O(n?), £ < O(n3). Hence by Theorem 3,

1
5n41Inn+2n° 4+ = < O(n?).
n

¢) nlnn — 2n + 3n?

Solution: By Theorem 1, nInn < O(n?). Hence by Theorem 3, nlnn + 3n? < O(n?) and
nlnn —2n 4 3n? < O(n?),

since0 < nlnn —2n + 3n2 < nlnn + 3n2.

d) 23n + 4nlogs n® + 78y/n — 9

Solution: By the properties of logarithms,

4nlogs n® = 24nlogsn < O(nlogn).



By Theorem 1, n < O(nlnn) and \/n < O(nlnn). Hence by Theorem 3,
23n + 4nlogs n® + 78v/n < O(nlnn)

and
23n + 4nlogsn® + 78y/n — 9 < O(nlnn),

since
0 < 23n + 4nlogs n® + 78y/n — 9 < 23n + 4nlogs n% + 78v/n .

log, VS + y/logy n®

Solution: By the properties of logarithms,
2
log, Vb = 5 logyn < O(logn),

and
Vlogyn® = V5 - \/logyn.

By Theorem 1, \/logy, n < O(Ilnn). Hence by Theorem 3,

logy Vn® + /logyn® < O(logn) .

f)* 2n3 + (%)bgg logg n + (%)1og8 logg n

Solution:

logg logg n 1
4 g5 1086 ni logs logg 1ioe. 1 IR
im —~—— — llm ———— = lim n1 085 108g — 7 108g 10gg T .
n—00 (W) logg logg n n—00 n% logg logg n n—00

S
~—

Notice that
. 1 1
lim (Z logs logg n — - logg logg n) =00,

n—oo

since log, v <log, y if x < y and a > b. Hence

logs logg
4 5 6

. \/ﬁ) . Liog,
lim —~———— = lim n1

logg nf% logg logg n
n—oo ( 7/77\108s loggn n—00
\/ﬁ

= O0.

Therefore, by Theorem 1, (J/ﬁ) logg logg 1 < O(ni logj logg ™).

By Theorem 1, 2n® < O(({/n) logs logs "). Hence by Theorem 3,

2n3 + (%) logs logg n 4 (\Vﬁ) logg logg n < O(ni logs logg n) ]

Exercise 0.6  Some properties of O-Notation.
Let f:RT - RTandg: RT — RT.



a) Show that if f < O(g), then f? < O(g?). You can assume that lim o) —ce RS-

o0 9(T)

Solution:

f) L fe) L fle)
B ey = A oy ) = ¢ R

hence by Theorem 1, f2 < O(g?).
b) Give an example where f < O(g), but 2f £ O(29).
Solution: Consider f(n) = 2n, g(n) = n. Obviously, f < O(g). However,

9f(n) 92n
lim —— = lim — = lim 2" = oo,
n—oo 29(n) n—oo 21 n—00

hence by Theorem 1, 2/ £ O(29).

Another important example is f(n) = logy n and g(n) = log, n. As we already showed, f < O(g).
However, 2/(") = n and 29(") = \/n, so by Theorem 1, 2f £ O(29).



